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Abstract: Let G be a finite group and H a normal subgroup. Starting from G-spin models, in which 
a non-Abelian field Tn w.r.t. H carries an action of the Hopf G*-algebra D(H\ G), a subalgebra of the 
quantum double Z?(G), the concrete construction of the observable algebra A(h,g) is given, as D(H-,G)~ 
invariant subspace. Furthermore, using the iterated twisted tensor product, one can prove that the 
observable algebra A(h,g) = •••><] H x G x ff xGxiL x ■ • •, where G denotes the algebra of complex 
functions on G, and H the group algebra. 
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1 Introduction 

Let G be a finite group with a unit e. The G-valued spin configuration on the 2-dimensional square 
lattices is the map cr: Z 2 —> G with Euclidean action functional 

S(°) = E /(°b lc h/), 

0,2/) 

where the summation runs over the nearest neighbor pairs in Z 2 and /: G —> R is a function of the 
positive type. This kind of classical statistical systems or the corresponding quantum field theories 
are called G-spin models, see mum- Such models provide the simplest examples of lattice 
field theories exhibiting quantum symmetry. Generally, G-spin models with an Abelian group G 
have a symmetry structure of G x G, where G is the Pontryagin dual of G. If G is non-Abelian, 
the Pontryagin dual loses its meaning, and one usually considers the quantum double D(G) of G, 
mm- Here D(G ) is defined as the crossed product of G(G), the algebra of complex functions on 
G, and group algebra CG with respect to the adjoint action of the latter on the former. Then D(G) 
becomes a Hopf *-algebra of finite dimension mmm- As in the traditional quantum field theory, 
one can define a field algebra T associated with this models, which is a C*-algebra generated by 
{8 g (x), ph(l ): g £ G , h G G, x £ Z, l G Z+^} subject to some relations There is a natural action 
of D(G) on T so that J- becomes a JJ(G)-module algebra. Under this action on J 7 , the observable 
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algebra Ac is obtained. In [14], Nill and Szlachanyi pointed out Ac = •••xGxGxGxGxGx---, 
where the crossed product is taken with respect to the natural left action of the latter factor on 
the former one. In this paper, we extend the result to a general situation. 

Assume that G is a finite group and H is a normal subgroup of G. In our previous paper 
m, we define a Hopf G*-algebra D(H\ G), which is only a subalgebra of D(G). Subsequently, we 
construct an algebra J~h in the field algebra T of G-spin models, which is a G*-algebra generated by 
{S g (x), ph(l) : g£G,h£H;x£'Z,l£Z + ^}, called the field algebra of G-spin models determined 
by H. There also exists a natural action of D(H]G ) on Tu, such that J~h is a D(H]G )~module 
algebra whereas F is not. Then the observable algebra A(h,G), which is the set of fixed points of 
Th under the action of D(H ; G) is obtained. In Section 2, we point out the concrete construction 
of the observable algebra A(h,g) ■ 

In Section 3, we identify H with the group algebra C H, and G the set of complex func¬ 
tions on G. We firstly construct iterated twisted tensor product algebras of three factors, i.e. 
H ® Ro 1 G &) Rl 2 H and G <S) Rl 2 H [{() 1 G by means of twisting maps I?o,i and Rip, and then 
by induction build an iterated twisted product of any number of factors 

= A <S> Rn n+1 A+l (8)iJ n+l!n+2 • • • An—1 An, 

\ JHi if z is even 

where n, m G Z with n < m and Ai = { A , which is a G*-algebra of finite dimension. 

[ G, if i is odd 

Let n < n' and m' < m, one can show that A n t m t C A n , m , and then by the G*-inductive limit of 
A,m, we obtain 

A = (C*) lim A,m, 


that is, 

A = ■ ■ ■ H (& Ro i G <S> Rl 2 H (£) Ro i G <S) Ri 2 H <S> Ro i G • • • . 

Finally, we prove that there is a G*-isomorphism between G*-algebras A and A( R ,g)- 

All the algebras in this paper will be unital associative algebras over the complex field C. The 
unadorned tensor product (g> will stand for the usual tensor product over C. For general results on 
Hopf algebras we refer to the books of Abe [Ij and Sweedier [15]. We shall adopt their notations, 
such as S, A, e for the antipode, the comultiplication and the counit, respectively. Also we shall 
use Sweedler-type notation 


A (a) = E a (i) ® a (2 ). 

(a) 

2 The structure of the observable algebra with respect to H 

In this section, suppose that G is a finite group with a normal subgroup H, we will give the 
algebraic generators for the observable algebra with respect to a normal group H. First, we recall 
some definitions in G-spin models with respect to H which will be needed in the sequel m- 
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Definition 2.1. ^ D(H ; G) is the crossed product of C(H ) and group algebra C G, where C(H) 
denotes the set of complex functions on H, with respect to the adjoint action of the latter on the 
former. 


Using the linear basis elements (h,g) of D(H ; G), the structure maps are given by 


(hi,gi)(h 2 ,g 2 ) 

^ higi,gih 2 (^1 ? P 1 P 2 ) 1 

(multiplication) 

A (h,g) 

= £ (t,g) O {t~ l h,g), 

teH 

(coproduct) 

s(h,g) 

= &h,e j 

(counit) 

S(h,g ) 

II 

ST 

1 

s- 

i 

(antipode) 

{Kg)* 

= {9 1 hg,g x ), 

(*-operation), 


where 5 g j t , = < 
element z (H G) 


g’ ^ j • 1 11 m we have shown D(H ; G) is a Hopf C*-algebra, with a unique 

= t^t £ (e, p), called an integral, satisfying for any a £ D(H,G ), 
g&G 


az. 


( H,G ) 


= 2 , 


(H,G) 


a = e(a)z 


(if.G) • 


As in the traditional case, one can define the local quantum field algebra as follows. 

Definition 2.2. The local field J~h,\oc determined by H is an associative algebra with a unit 
/ generated by {6 g (x), ph(l) ■ g £ G, h £ H; x £ Z ,! £ Z + i} subject to 

£ 5 g( x ) 

g&G 

Sgi(x)Sg 2 (x) 

Phi (l)Ph 2 (0 

tigi (x)Sg 2 (V) 

Ph(l)Sg(x) 

Phi {f)Ph 2 ) 

for x, x' £ Z; l,V £ h + ^ and h\,h 2 £ H, gi,g 2 £ G. 

The *-operation is defined on the generators as 5*(x) = S g (x), p* h {l ) = p ft -i (/) and is extended to 
a involution on Fh,\ oc- In this way, Jt/jqc becomes a unital *-algebra. Using the C*-inductive limit, 
Th\oc can be extended to a C*-algebra Fh, called the field algebra of G-spin models determined 
by a normal subgroup H. There is an action 7 of D(H ; G) on Fh in the following. For x £ Z; l £ 
Z + h and h £ H, g £ G, set 


= I = Pe(l), 

= ^gi,g2^gi( x )i 

~ Phih 2 {l)i 
= 5 g2 (x')5 gi (x), 

f S hg (x)p h (l), l < x, 

\ 5 g (x)p h (l), l > x, 
f Ph 2 {l )Ph 2 ~ 1 hih 2 U)i l i 
\ Phih 2hl -^')Phi(l), i<v 


( h,g)5f{x) = 5 h , e 6 gf (x), Vf£G, 

(h,g)pt(l) = $h,gtg-iPh(l), Vt € H. 

One can check that Tu is a D(H ; G)-module algebra [ T7| . 

Set 

•A{h,G) = {F£T h : a(F) = e(a)(F), Va € D(H\ G)}. 
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We call it an observable algebra related to H in the field algebra F of G-spin models. Furthermore, 
one can show that A(h,g) is a nonzero G*-subalgebra of J 7 //, and 

•A(h,G) = {F £F H - z (hg) {F) = F} = z ( hg) (Fh)- 

Now, we will discuss the concrete construction of A(h,G)- I n order to do this, for g £ G, x £ Z, 
and l 6 Z + 1 , put 

Vg(x) = E Qhg-'h-^X - l)8 h (x)g hgh -i(x+ i), 
h&G 

W g (l) = E <>h(l -\)Shg{l + ^)- 

heG 


Theorem 2.1. The observable algebra A(h,G) related to H is a unital G*-subalgebra of Fh gen¬ 
erated by 

Vh(x),w g (l ): h £ H, g € G,x £ Z,l £ Z + - 


Proof. Since z 
we have that 


(G,G) Z (G,G) Z (G,{e})’ 


where z (c , {e}) is the unique integral of Hopf algebra D(G, {e}), 


r ^ Z (G,G)^~ H ^ ^ Z (G,G) Z (G,{e})^ H ^ ^ Z (G,G)^ Z (G,{e})^~ H ^' 

7 v is the projection to operators with trivial twist ([16])- Hence, lz (G (Fh) is generated by 

{Sg(x),v h (x): g £ G,h £ H,x £ Z} . 


Moreover, we can obtain that 7 2 (J 7 //) is generated by 

(G,G) 


w g (l), Vh(x) : g £ G, h £ //, x € Z, l £ Z + 


since 


13 5 1 

7 hG,G) (M^M 2 ) ' ' ' M™)) = - 2 )- 


Now let us consider y 2 
J 7 //, we have that 


r , the restriction of 7 2 on J 7 //, and 7 ^ as projections on 


(G,G) ,2 (G,G) ' ^(H.G) 


then 


^ Z (G,G) \- Fh ^ Z (H,G) ^ Z (H,G)^ Z (G,G)\-^ h ^ Z (H,G) ’ 


^ Z (H,G) — ^ 2 (G,G) 


which implies 7 , (Eff) C 7 , (J 7 #). Again, for g £ G, h £ 1?, x <G Z, l € Z + A, 


(H,G) 


(G,G) 


7* (HiG ) (™<?(0) = Wff(0» 7* (HiQ) («ft(*)) = ^O)- 


Hence, 7 * ( is generated by 


Vh(x),w g (l) : h £ H, g £ G,x £ Z,l £ Z + 


1 


□ 
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3 The characterization of the observable algebra A(h,G) 

In this section, we identify H with the group algebra C H, and G the set of complex functions on 
G. We will construct iterated twisted tensor product algebras of any number of factors. To do this, 
let us recall briefly the concept of a twisted tensor product of algebras ([3]). 

Definition 3.1. Let A and B be two unital associative algebras. Suppose that R: B (^) A —>• A (£) B 
is a linear map such that 

R o (ids 0 m A) = (piA^ids) ° (idA<S> R) ° (R(£)idA), 

Ro (rriB<S)idA) = (idA <S> m B) ° (R 0 ids) ° {ids <S> R)i 

then mu = (mA 0 m s) ° (hi ,4 R&) ids) is an associative product on A 0 B. Here, mA and mg 
denote the multiplication in algebras A and B, respectively. In this case, we call R a twisting map, 
and (d(^) B,mji) a twisted tensor product of A and B , which has A<§QB as underlying vector 
space endowed with the multiplication rriji. simply denoted by A(£) R B. Using a Sweedler-type 
notation, we denote by R(b <8 a) = an <8 bn for a G A and b € B. 

Observe that the multiplication m/j in the twisted product A &) R B of algebras A and B can 
be given in the following form: 


(a <8 b)(a' (g> b') = aa' R <8 

where, as already mentioned, the Sweedler-type notation for the twisting map R has been used, 
i.e., R(b <8 a) = cir <8 6r for a € A and b G B. 

Example 3.1. (1) Consider the usual flip r: B 0 A —>• B defined by 

r(b <8 a) = a <8 b. 

It is obvious that r satisfies all conditions for the twisting map, and then it give rise to the standard 
tensor product of algebras A(^)B. 

(2) Suppose that M is a Hopf algebra over C, and B is a (left) M-module algebra, that is, B is 
an algebra which is a left M-module such that rn ■ ( ab ) = (m^ -a) ( 777 .( 2 ) • b ) and m- 1 b = e(m)ls, 

(m) 

for all a, b £ B, m € M. 

Let the map R : M 0 B —>• B 0 M be defined by 

R(m (8 b) = ( m (i) ' b) <8 

(m) 

One can show that R is a twisting map, and then obtain the algebra B (£) R M, which is B M 
as a vector space with multiplication 

(a <8 m)(b <8 n) = ^ a(m^ 1) • b) <8 m^n. 

(m) 

From the definition of the smash product, it is easy to see that B (§Z) R M coincides with the ordinary 
smash product B#M introduced in |6j. 
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In order to study the construction of iterated twisted tensor products, we consider three twisted 
tensor products A(£) Ri B , B <S>r 2 C and C, and the maps 

T i: C®{A® Rl B) ^ (A® Rl B)®C 

defined by T\ = (idA <S> R 2 ) 0 (-R 3 0 ids) and 

T 2 : (B<g> R 2 C)®A^A®(B® R 2 C) 

defined by T 2 = (/?, 1 (£) idc) ° (id B ® R 3 ) associated to R\. R 2 and R 3 . The following lemma states 
a sufficient and necessary condition ensuring that both T\ and T 2 are twisting maps. 

Lemma 3.1. ” The following statements are equivalent: 

(1) T\ is a twisting map. 

(2) T 2 is a twisting map. 

(3) The maps f?i, R 2 , R 3 satisfy the following compatibility condition (called the hexagon equa¬ 
tion): 

(idA <S> R'i) 0 (R 3 <S> ids) o ( id c <S> R i) = (Ri <S> id C ) o (id B (g) # 3 ) 0 (#2 (g) id a). 

Moreover, if all the three conditions are satisfied, then A <S)t 2 (B (g) fio C) and (Ag)^ B) (g) T| C 
are equal. In this case, we will denote this algebra by A (g) fli B (§Z) Rn C, which is called the iterated 
twisted tensor product. 

Now, we consider the group algebra C G, endowed with a comultiplication A (g) = g®g, a counit 

s(g) = 1, antipode S(g) = g ~ 1 and g* = g ~ 1 for all g G G, such that C G is a (7*-Hopf algebra. 

From now on, we use G for CG. The dual of G is G , with A (5 g ) = g) ® ^t~ 1 g- £ (^g) = ^g,e , 

teG 

S(5 g ) = Sg-i and 5* = 5 g for all g € G. There is a natural pairing between G and G given by 

( , ): G0G->C, g ® S s *->• (g,d s ) ■ = S s (g), 

( , ) 1 G g) G —>• C, 5 S ® g 1 —>■ (<5 S , g ): = 5 s (g). 

Associated to this pairing we have the natural action of G on G and that on GonG given by the 
Sweedler’s arrows: 

9 —> $s'- = ^s(l)(Si ^s(2)) = 

(<5 S ) 

fis^9 : =Ej(l)(^iJ(2)) = jyj)i 
(<?) 

where A ( 5 S ) = J 2 S s( 1) <8> < 5 S ( 2 ) = E S t ® and A (5) = £ 5(1) 0 g^) = g®g- 
(S 3 ) t£G ( g ) 

For every n £ Z, take A n : = H if n is even and A n : = G if n is odd, and define the maps: 


R2n,2n+1 

^2n+l g A2n ~ 

— ^ A2n (g ^ 4 2 n+l 


6g®h t— 

E(^9(1) h )® S g(2) = h®6 h -i 

(Sg) 

R 2 n-l, 2 n ■ 

A2n g ^2n-l — 

A2n-1 g A2n 


h®6 g <— 

ZXfyi) ->■ ^9) ® h {2 ) = Sgh-1 ® h, 
(■ h ) 

Ri,j '■ 

Aj g) Aj 

AiQAj 


Xj ® Xi 1— 

Xi® Xj, if j — i > 2. 
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It is clear that all of them are twisting maps. 

Proposition 3.1. Rop, Rip, Rop and Rip, R 2 p, Rip are compatible, respectively. 

Proof. It suffices to show that Rqa, Rip, Rop are compatible. To do this, apply the left-hand side 
of the hexagon equation to a generator h 2 < 8 > 5 g < 8 > hi of A 2 0 Ai 0 Ao, we get 

(■idn ® Rip) ° (Rop ® idg) o (■idn <8> Rop)(h 2 <8> 8 g ® hi) 

= (idn ® Rip) ° (Rop <8> idg)(h 2 <8> hi ® S h -i g ) 

= {idu ® Rip){hi®h 2 ® 8 h -i g ) 

= h i ®Vw 0/i2, 

On the other hand, for the right hand side we obtain that 

(Rop <8> idn) o (idg (g> i? 0i2 ) o (i? 1]2 <8> idu)(h 2 ®5 g ® hi) 

= (Rop <8> idn) ° (idg ® Rop)(8 gh -i <8> h 2 ® hi) 

= (Rop® idH)(8g h - 1 <S) hi <S> h 2 ) 

= hi®5 h -i gh -i®h 2 . 

Now, we have shown Rop, Rip and Rop are compatible. Similarly, one can prove Rip,R 2 p and 
Rip are compatible. □ 

It follows from Proposition 3.1 and Lemma 3.1 that one can construct the algebras Ao 0 Ro 1 A\ &) Rl 2 A 2 
and A 1 0 Ri ,2 ^ 2 ®R 2 . A 3 , in which the multiplications can be given, respectively, by the formulas 

(hi <8> S gi <g> fi)(h 2 ® 8 92 <g> f 2 ) = hih 2 <g> 5 h -i gi 5 g2f -i ® fif 2 , 

(5 gi ®hi® 5 si )(5 g2 <g> h 2 <g> S S2 ) = S gi d g2h -i <g> hih 2 ® S h -i si S S2 . 

Moreover, we can define a map 

0 ■ Ao 0 Ro ^ Ai 0 Rl 2 A-2 > ^0 01^ ! M 0RJ.2 ^ 2 

hi ® 8 g ® h 2 y h l ® 8h± g h2 ® h 2 

Then 9 satisfies the following properties: for any x, y £ Ao <S> Ro 1 ^ 1 0/?i 2 A 2 , 

6(6(x)) = x, 9(xy) = 9(y)6(x). 

Thus Ao 0 Ro j Ai 0 / ?12 A 2 is a *-algebra by means of 

(hi ®8 g ® h 2 )* = 6(hi ®5 g ® h 2 ) 

for hi <g> S g <g> h 2 £ A 0 0 Ro ^ Ai 0 jRl 2 A 2 . 

Similarly, for S g <S> h < 8 > 8 S £ Ai 0 Rl 2 A 2 0u 2 3 A 3 , set 

(<5 9 <8> h <g> d s )* = 5 g h <S> h _1 <g> <5fc s . 

Then Ai 0 Rl2 M®r 23 A 3 is also a *-algebra. 

Moreover, we have the following proposition. 
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Proposition 3.2. H 0 <g) Roi Hi ® Rl 2 A 2 and H, <g) Rl 2 A 2 <g) R2 3 A 3 are C*-algebras. 
Proof. Let Pi = L 2 (G, h ) be a Hilbert space with inner product 


{pA) = t^t £ <p(g)<Kg), 

sec 


and PLq ,2 = n®n. 

Consider the map 710 , 2 : Aq (£) Rq 1 A\ (ff) Rl 2 A 2 —> End'Ho^ be given by 

Oo, 2 (s (0) )VO (50,52) = Hgog { 0 \g 2 ) 

(vr 0 , 2 (g (2) )^)(go,g 2 ) = i’(go,g-2g {2) ) 

(vr 0 , 2(S g )if) (50,52) = S g (go 1 g2)'f>(go,g2), 

where 5 g G Ai, g g Aq, g^ € A 2 and go,g - 2 G G. One can show that ( 710 , 2 , %o, 2 ) is a faithful 
^-representation of Ho, 2 - 

For h\ ® 6 g ® h 2 G H 0 ® Ro i Hi <S) Ri 2 A 2 , set 

\\hi <S>5g<S> h 2 1| = ||7r 0 , 2 (/ii <8> <8> ^ 2 )11, 

then (Ho (^) Ro j A\ <S> Rl 2 A 2 , || • ||) is a C*-algebra of finite dimension. 

As to Hi, 3 , we define faithful ^representation ( 771 , 3 , 'Hi. 3 ) of Hi, 3 , where "Hi ,3 = Pi®Pi with Pi = 
L 2 {G,5 e ), 5 e G G being the Haar measure on the group algebra G. Hence, Hi (ff) Rl 2 A 2 ®r 23 ^3 
is a C*-algebra. □ 

In the following, by induction, we will construct an iterated twisted tensor product of any 
number of factors. 

Proposition 3.3. The three maps Ri.j, Rj.k and R i k are compatible for any i < j < k. 

Proof. Let us distinguish among several cases: 

If j — i > 2 and k — j > 2, all three maps are just usual flips, and thus Ri.j, Rj . k and Ri. k are 
compatible. 

If j — 7 = 1 and k — j > 2, then we have that both Ri.k and Rj . k are usual flips. Hence, R. hJ , Rj.k 
and Ri.k are compatible. Indeed, for any x<g>y®z£A k (ff)Aj(ff) Ai, we have 

(idAi <8> Rj,k) 0 (Ri,k <8> idAj ) o ( idA k <8> Ri,j)(x ®y®z) 

= (idAi ® Rj,k) 0 ( Ri,k <8> idAj){x (8> z R . . <8> y R . .) 

i,3 i,3 

= ( id Ai <8> R jt k)(z R . .®x®y R ..) 

1,3 1,3 

= z R . ®y R . ®x, 

and 


(Ri,j <8) idA k ) o ( idAj <8> Ri.k) 0 ( Rj,k <8> idAi)(x ®y® z) 
= (R i: j <8> icUJ 0 ('idAj <8> Ri,k)(y <S> x ® z) 

= (Ri,j <8> ){y®z®x) 

= z„, . ® . (8> x. 
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Moreover, for any three twisting maps, if two of them are usual flips, then these three twisting 
maps are compatible. This statement implies Rjj, Rj,k and Rj^ are compatible for j — i > 2 and 

k-j = 1. 

If j — i = 1 and k — j = 1, then R% j, Rj : k and Ri k are compatible, the proof of which is the 
same as that of Ro,i, Ri, 2 , Rq ,2 and R\ t 2 , R- 2 , 3 , Ri ,3 are compatible. □ 


Assume that we have n algebras Ai, A 2 , ■ ■ ■ ,A n with a twisting map R,j : Aj (££) Aj —> A, (g) Aj 
for any i < j, and such that for every i < j < k the maps Rj.j, Rj ^ and R. h k are compatible. Define 
now for any i < n — 1 the map 


^n— 1,71 : (Ai—1 n An) 0 Aj —> Aj 0(Ai-i 0 


fin-1 


A n ) 


given by T^_ ln = (Rj , n -i <8> A n ) o (Ai-i <g> Rj, n ), which are twisting maps for each i £ Z, as 
the maps Rj >n -i, Rj, n and R, n -\, n are compatible (Lemma 3.1). Moreover, for every i < j < 
n — 1, the compatibility for Rjj, Rj t n-i and Rjj, Rj, n , Rj, n implies that for R, l j,T r \_ 1 n and 

T r )_i n . Hence, we can apply the induction hypothesis to the n — 1 algebras A) A> ■ ■ ■ , Ai -2 and 
A 1-1 0 fi Ai> and can construct the twisted product of these n — 1 factors, then we obtain the 
C*-algebra 


A0 


Ru 


J Rn- 


3,n—2 


Al-2 ^Qrpn — 2 (A n _l 0) 


fin 


Notice that the maps R n -2,n-i, Rn-i,n and R n -2,n-i are compatible, which implies that 


An.— 


2 (Q T n-2 (A n _ 1 0 R Ai) — (Al-2 0R 2 j Al-l) 0T n 

TO—1,71 ,L ■ L ’ n ' 11 ^ ’ "■ TO —2,TO—1 


y4 r 


Now, we get the C*-algebra 


^ ' ' ■ 0R„- 3 ,„-2 An—2 0R„_ 2n _ 1 Al-l 0.R n _ 1 , n Ai- 

In particular, for any n,m £ Z with n < m, we can define the C*-algebras of finite dimension 


Ai,™ : - Ai 0U„ „ +1 Ai+1 0ft n+ln+2 • • • An—1 An- 

If n < n! and m! < m, then one can check that A n \ m ' A A n . m , with the map i: Ai'.m' Ai,m 
defined by 


i(x n > <g> x n > + 1 <8> ■ ■ ■ <g> x m >) = 1 A n <8> • • • <8> 1.4 n ,_ 1 <8> x n > (g> x n '+i <g> ■ ■ ■ <8> x m > <8> 1 A m , +1 <8> • • • <S> 1.4 m 

is a (7*-algebra homomorphism preserving the norm, where we use 1a, for the identity in Aj for 
% £ Z. 

We write A for the CT-inductive limit of A n m with n, m £ Z: 

A: = (J A n ^m- 

n<m 

That is 


A: — ■ ■ ■ H ® R _ 2 _ 1 G 0 Rl 0 H (g) Ro i G ® Ri 2 H ® R2 3 G ■ ■ ■ , 

where the dots include a (IT-inductive limit procedure. 

The following theorem is the main result of this paper, which gives a characterization of A( R q\ , 
the observable algebra related to a normal subgroup H of G. 
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Theorem 3.1. The iterated crossed product A is C*-isomorphic to A(h,G)- 
Proof. For a finite interval A, let 

Ah{A) = (vh{x),w g (l) : h £ H, g £ G, x £ £ A(1 (Z + . 

It follows from Theorem 2.1 that 

•A(h,g) = UAtf(A), 

A 

where the union is taken over finite intervals A and the bar denotes uniform closure. 
Consider the map 

$o,i: A), 2 = H® Rqi G® Ri2 H — > A h ( A 0 ,i) = (v h ( 0),w g $),v f (l): h,f£H,g£G) 


defined on a generator h <8) 5 g 0 / of H &) Ro 1 G ^>Hi 2 H by 


$0,l(^ 8 Sg 0 /) = V h (0)Wg(^)Vf(l) 


Observe that 


%(0)% ( 2 )^( 1 )^ (0)^92 (k)Vf2 (1) 


vhi{0)w gi {k)v h2 (0)v fl (l)wg 2 (±)vf 2 {l) 
v h 1 (0)ufc2 (0)w h -i fli (l)u; 92 (i)u /2 (1) 

v/nfca (°)*W (^%2/r 1 C 1 )^ W 


where we use the commutation relations of the v, w generators 


Vhi(x)vh 1 (z) 

Wg 1 (l)w g 2 (l) 

V h (x)Wg(x+ i) 
V h {x)Wg{x - |) 


Xhih.2 (■*")) 

3gug2 w gi (0> 

Whg(x + ^H(x), 
w gh -i(x -\)v h {x), 


other pairs of v and/or re fields commute. 
On the other hand, 


(fii 8 <5 gi <g> fi)(h 2 <S> S g2 <S> f 2 ) = hih 2 <8> Sh-ig^g^ 1 <g> fif 2 . 


Thus, T>o,i is an algebra homomorphism. And we have that 


($ 0,1 (h®5 g ®f))* = 


(v h (P)Wg(±)Vf( 1))* 

Vf-l{l)Wgl±)Vh-l(0) 

V h -l( 0 )Vf-l(l)W hg (±) 

v h -i{0)w hgf {\)v f -i(l) 
$ 0,1 iK 1 ® 8 hgf ® f- 1 ) 
$ 0,1 ((h® 6 g® f)*), 


where we use the properties: w g (l) is a self-adjoint projection in Ah (A), and Vh(x) is a unitary 
element in Ah( A) for any l £ A 0 (Z + ^), x £ A n Z. Hence, $ 0.1 is a CMromomorphism. By 
Theorem 2.1.7 in m, we know $ 0,1 is norm-decreasing. 
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Also, $ 0,1 is bijective, which together with the open mapping theorem yields that $ 0,1 is a 
(^-isomorphism between G*-algebras Ao ,2 and *4#(Ao,i). 

By induction, we can build a (^-isomorphism between A_ 2 n , 2 m and AH(A- n>m ), for any 

n, m G Z. 

Now, because of the last relation we can define a G*-isomorphism 

$ • U A—2n,2m t U 

n<m n<m 

by $U_ 2 „, 2 m = $-n,m- Since each $^ n>rn is an isometry, then $ is an isometry, and $ can therefore 
be extended to the map of (J A_ 2 n, 2 m onto (J -Aff(A_ ra)m ) by continuity. Since all the operations 

n<m n<m 

in the definition of a G*-algebra are norm continuous, this extended map is an isomorphism. Hence, 
U A-2n,2m is G*-isomorphic to (J Ah{ A- n ,m)- 

n<m n<m 

Finally, the uniqueness of the G*-inductive limit ([IT]) implies that A = IJ A- 2 n , 2 m and 

n<m 

A(H,G) = U As a result, A is G*-isomorphic to A(h,G)- □ 

n<m 


Remark 3.1. From Theorem 3.1, one can see that for a normal subgroup H of G the observable 
algebra related to H in the held algebra T of G-spin models A(h,g) can be defined as 

A(h,g) = ■ ■ ■ H <S)r_ 2 _ x G <S>r _ 10 H <S>r 01 G <S>r 12 H <S)r 2 3 G - . 

In particular, take G as a normal subgroup of G, then we have the observable algebra Ag m ) 
can also be expressed as 

Ac = ■ ■ ■ G G (g) R l 0 G <S) Ro i G <S> Ri2 G <S)r 23 G - . 

What is more, we can get A(h,g) ^ Ag, from the above expressions of A^ r> g) an d Ag, which is 
different from Ag C A(g,H) ( IH] ) - 

Remark 3.2. Notice that the linear map c p: G (A) H —> H dehned naturally by 


</>s(4) = g->$ h = E ^A-ih(g) 

teH 


4s- 1 , if g^ H 

0, if g G G/H 


is not a left action of G on H. Thus, H G can not be dehned for any subgroup H of G, and 

then 


' "G ®r_ 2j _ 1 H <S>r_ 10 G <g) Roi H <S) Ri2 G (£)r 23 H ■ ■ ■ 

can not be dehned naturally. However, the observable algebra A(g,h) i R the held algebra T is well 
dehned [8j, which can be obtained as the hxed point algebra 

A (g ,h) = J F d (G’H) = {F € T: a(F) =e(a)F, Va£D(G;H)}. 

Here D(G;H) denotes the crossed product of G(G) and C G with respect to the adjoint to the 
action of the latter on the former, e is the counit of D(G ; H ), and A is the held algebra of G-spin 
models. 
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